Lightning streamers and leaders need thermal electrons to initiate, but free electrons are extremely rare in the wet air of a thundercloud. Here we analyze the probabilities that high electron densities occur in extensive air showers. We argue that relevant air showers are created by cosmic particles with energies between 10 15 and 10 17 eV impinging onto our atmosphere. We simulate a large number of air showers and perform a stochastic analysis of their results. We present the available densities of thermal electrons as a function of altitude, time interval, and considered area, while neglecting effects of local electric fields. We find that free electron densities at altitudes between 5 and 13 km can reach values of order 10 3 cm −3 , but only in shower cores with a radius on a centimeter scale. Above 6 km, the availability of extreme free electron densities decreases significantly with increasing altitude. Recent measurements by Rison et al. (2016, https://doi.org/10.1038/ncomms10721) indicate that several streamers must have been triggered simultaneously during discharge inception, and we suggest that an extensive air shower could have been the trigger. Rison's measurements show further that the streamers are laterally separated by several tens of meters, so they must have been triggered by electron densities as low as 1 cm −3 . Such low electron densities demand a stochastic approach to streamer initiation near hydrometeors.
Introduction
Thunderclouds produce strong electric fields. However, the electric fields measured before discharge activity starts are too low for classical breakdown of air (Marshall et al., 1995 (Marshall et al., , 2005 Stolzenburg et al., 2007) . The solution offered in model simulations by Liu et al. (2012) , Sadighi et al. (2015) , Dubinova et al. (2015) , and Babich et al. (2016 Babich et al. ( , 2017 and in older references quoted by these authors is that hydrometeors due to their shape and high dielectric permittivity or also due to their net electric charge locally enhance the ambient electric field to values above the classical breakdown field. However, the configuration of the electric field near a hydrometeor alone does not yet determine electric breakdown, but thermal free electrons are required in the critical volume as well. (Electrons with energies from fractions to tens of electron volts (eV) are called thermal in the community.) Thermal free electrons are very rare in the humid environment of a thundercloud (Dubinova et al., 2015) , though they are continuously refreshed by background radiation, that is, by cosmic rays and by radioactive decay at a rate of the order of 10 cm −3 ·s −1 (Usoskin et al., 2009) . But free electrons attach to electronegative molecules like oxygen on a time scale of 50 ns (Pancheshnyi, 2013) to form O − 2 . These ions in turn act as condensation nuclei for ion-water clusters O − 2 (H 2 O) n that form within microseconds (Gallimberti, 1979) . This reaction chain efficiently removes free electrons from the cloud, such that the steady state of the free electron density is only 5 × 10 −7 cm −3 , which makes streamer initiation from a hydrometeor extremely unlikely.
As we already argued in Dubinova et al. (2015) , the only way to get a significant free electron seed is by a very energetic cosmic ray impinging on the atmosphere and creating an extensive air shower (EAS). In the earlier work it was shown that the free electron densities produced in the core of an EAS can be 9 orders of magnitude larger than in steady state, and they occur only rarely. In the present work we calculate the availability of extreme electron seeds in thunderclouds, by performing a probability analysis of EAS events. We stress that these densities are created independently of the local electric fields, but that relativistic Figure 1 . The flux of cosmic particles impinging on our atmosphere as a function of the particle energy E (eV), rescaled with a factor of E 2.6 . The data are derived from air shower measurements. The flux F(E)dE is the particle number per area, time, solid angle, and size of the energy interval. The figure is reproduced from Figure 29 .8 in the 2016 review of the Particle Data Group (Patrignani et al., 2016) , and it is unchanged in the 2018 edition of the review. runaway electron avalanches in thunderstorm electric fields can further augment the densities of thermal electrons.
The quest for extreme electron seeds from EASs has recently become even more timely, as Rison et al. (2016) interpret their measurements of fast positive breakdown as a volumetric system of streamers. This phenomenon occurs during so-called narrow bipolar events (NBE) at the beginning of discharge activity in a cloud. Rison et al. argue that multiple streamers could initiate from multiple hydrometers in close proximity and synchronously on a time scale of nanoseconds. The added currents of multiple streamers could initiate a longer leader discharge and create a radio signal strong enough to be measured from the ground.
Here we study the probability of high electron densities at a given radius and the probability of large shower radii for given electron density, created by EASs. The study is organized as follows. We first introduce the physical system in section 2, which are the EASs producing free electrons. In section 3 we explain our methodology. After presenting the results in section 4, we discuss their implications in the context of lightning initiation in section 5. We conclude in section 6 with an outlook on further studies related to this work.
The Physical System

Cosmic Rays and Induced Extensive Air Showers (EASs)
Our atmosphere is bombarded by cosmic particles (commonly called cosmic rays). Figure 1 shows the flux spectrum of cosmic rays as a function of particle energy. The flux (in a particular energy interval) should be interpreted as the average number of cosmic rays per unit of area, time, and solid angle. In the energy interval of 10 15 to 10 17 eV relevant for the present study (as we will argue in Figure 2 . Illustration of an extensive particle shower in side view. The red lines indicate the (time integrated) trajectories of the shower particles, and the green lines the particle distributions at particular instances of time. As all particles move essentially with the speed of light, at one instant of time, they form a pancake structure indicated in green; two pancakes at two instances of time are indicated on the left panel. The right panel shows a zoom into one pancake on the shower axis (that is determined by the momentum vector of the initial cosmic ray), showing its spatial extension in green, and the dense core of the shower is here limited by red particle trajectories.
Figure 3.
Illustration of shower to shower variations, derived with the CORSIKA code described in the next section. (a) Simulations of five different air showers produced always by a primary proton with 10 15 -eV energy. Plotted is the number of passing extensive air shower particles as a function of altitude. The particles are photons (blue), electrons (red), and positrons (yellow) with energy above 50 keV, muons above 30 MeV (purple), and hadrons above 300 MeV (green). (b and c) The same for cosmic rays of 10 16 and 10 17 eV, respectively. (d) The huge shower to shower variations: the shower with a much lower primary energy in this particular example creates much larger particle numbers above 10-km altitude-this behavior is not typical but possible. section 2.5), the flux is uniformly distributed per solid angle (i.e., isotropic) and it follows a Poisson distribution in space and time. It should be noted that the distribution is uniform only in some intermediate energy range: The flux of cosmic rays from the Sun (with energies below about 10 11 eV) is strongest near the poles because of the geomagnetic field, and it changes with the day and night cycle and the solar 11-year cycle, and for particles with energy above 10 18 eV recently some anisotropy has been found (Gaisser et al., 2016; Patrignani et al., 2016) .
The spectrum in Figure 1 steepens around the energy of 10 15 eV, called the knee which reflects the fact that most cosmic accelerators in the galaxy cannot achieve higher energies. Beyond the so called ankle, at 3.1 × 10 18 eV, extragalactic flux begins to dominate over the galactic flux (Patrignani et al., 2016) .
Once a high-energy cosmic ray enters the atmosphere and collides with an air molecule, it creates a cascade of secondary elementary particles, as illustrated in Figure 2 . Basically, every collision of a secondary particle with still sufficient kinetic energy is creating new secondary particles by converting energy into mass. This cascade will continue down to MeV, creating electrons and positrons which are the stable elementary particles with the smallest rest mass, leaving the essentially noninteracting neutrinos out of consideration; this is called an EAS. Particles in the EAS have typically much larger kinetic energies than their rest mass, Figure 4 . Positions of electrons and positrons with energies above 50 keV when they cross through the plane perpendicular to the shower at 6-km altitude. The shower was generated by a 10 16 -eV proton with zero inclination. Panels (a) to (d) show the same data but zooming into the scale of ±1 cm, ±10 cm, ±1 m, and ±1 km, respectively, around the shower axis. The cylindrical symmetry is clearly visible in panel (d), but for radii below 10 cm the total number of particles in the plot becomes too small to see any structure. The results were derived with the CORSIKA code described in the next section. so they move relativistically, essentially with the speed of light. Figure 2 illustrates the particle trajectories in the EAS in red. The EAS at one instant of time should be thought of as a thin pancake structure moving with almost the speed of light toward the ground (two snapshots are illustrated in green). The particle flux in this pancake is most dense around the symmetry axis of the shower, called the core of the EAS.
The relativistic shower particles leave a trail of lower-energy particles behind, including electrons with energies in the eV range that can play a role in discharge inception. Obviously, these slower particles cannot have an influence on the EAS evolution itself. We will come back to them in section 2.3.
The Randomness of EASs
The energy of the cosmic ray is only one parameter that determines the evolution of the EAS, and there are large shower to shower variations even when this parameter is fixed. They are caused by the random inclination of the particle incidence and by the first 100 or so collisions; thereafter self-averaging will take place. These variations are illustrated in Figures 3a-3c where in each panel the longitudinal evolution of (Santos et al., 2003) . The energy loss of the relativistic EAS electron has to exceed the binding energy of the secondary electron in the molecule; this is why the energy spectrum in the panel is bounded on the left. (right panel) The energy distributions of electrons and positrons in EASs show a typical pattern as a function of radius; the red lines indicate where 25%, 50%, and 75% of the population is in energy (i.e., it is a boxplot). The subcollisional friction (blue line), that is, the energy into ionizations below 50 keV, is for electron energies above 0.1 MeV independent of kinetic energy (please note the linear scale). The average friction used in this study is equal to 2.5 keV/cm. Friction is displayed here for an air density of 1.293 · 10 −3 g/cm 3 corresponding to 1 bar and 273 K. It should be noted that almost all EAS electrons are above 1 MeV and that above 1 MeV the friction is nearly independent of electron energy. EAS = extensive air shower.
five different proton-generated EASs is given for a fixed primary proton energy. Shown are the numbers of passing photons, electrons, and positrons above 50-keV energy, and of muons above 30 MeV and hadrons above 300 MeV as a function of altitude. The three most significant EAS particle types are photons, electrons, and positrons. (Note the logarithmic density scale of the plot.) Electrons and positrons are produced in equal numbers by pair production but with a small surplus of electrons due to sporadic hard impact ionization.
The longitudinal shower projection in Figure 3 looks like a bell-shaped structure, where the altitude of the shower maximum decreases on average with increasing primary energy, because higher-energy particles penetrate deeper into the atmosphere before their first interaction with an air molecule. For the average EAS the maximal number of particles in the shower scales roughly linearly with primary energy. There exists "shower universality" which implies that given the point of first interaction the number of particles as a function of penetration depth is determined rather well (Lafebre et al., 2009; Lipari, 2016) .
Due to the large shower to shower variations, for a given altitude the number of particles is not uniquely related to the primary particle energy. This is illustrated in Figure 3d with two handpicked showers: Even though the 9.5 × 10 16 eV shower has more particles than the 2 × 10 15 eV shower at their respective shower maxima, above 8-km altitude the 2 × 10 15 eV shower has more particles than the 9.5 × 10 16 eV one. Figure 4 shows an example of the positions of electrons and positrons with energies above 50 keV (later called EAS particles) when they pass through the plane perpendicular to the shower at 6-km altitude. The shower was generated by a proton of 10 16 eV energy impinging vertically, and the origin of the coordinate system is the shower axis. The panels zoom into different scales of the shower core. In Figure 4d on a kilometer scale the cylindrical symmetry is clearly visible, but in Figure 4a on a centimeter scale, the particle number is too low to see any structure.
Energy Decoupling: The eV Electrons Generated by the EAS
While the pancake of particles in the EAS rushes downward with nearly the speed of light, all particles collide with air molecules and lose energy, for example, by ionization of air molecules. Sporadically they transfer significant energy to a bound electron promoting it to the EAS population, but most of the time they only free an electron and transfer up to a few tens of eV of energy; the probability distribution of energy loss of the primary particles by electron impact ionization is illustrated in the left panel of Figure 5 . These Figure 6 . In the top view of a thundercloud, an area A and a time interval T are marked; A · T will be denoted as the system size. Within this area and time, several EAS (marked as yellow spots) can pass at random location and time and with random size; they are statistically independent of each other, and they can be assumed to be nonoverlapping, also due to their short duration. We calculate the maximal strength of a shower to be expected, where the maximum is taken over all showers within the system size, and the strength is, for example, a certain electron density within a given radius. EAS = extensive air shower. collisions create electrons with energy in the eV range (the energy loss of the primary particle minus the binding energy in the molecule) that are finally available as seed electrons for discharge inception. Therefore, the system can be decoupled into • EAS particles: relativistic electrons and positrons, moving nearly with the speed of light, with energies above 1 MeV. • Seed electrons: free electrons left behind by an EAS, mostly with tens of eV energies, seeding classical breakdown.
The EAS particles create seed electrons, but the energy losses of the EAS particles can be taken into account by averaging over the seed particle creation, so the seed electron distribution does not couple back on the EAS particles. This is due to two effects: First, as the energy loss F per collision is so much smaller than the kinetic energy of the EAS particle, it is fair to approximate it as a continuous energy loss per unit of length or friction for the EAS particle. (Note that "friction" is used as energy loss per length in the high-energy community, so it does not have the unit of a force.) The friction F of an EAS electron due to producing secondary electrons below 50 keV is given in blue in the right panel of Figure 5 . Second, as shown in the left panel of Figure 5 , the ionization cross section to produce electrons below 50 keV is essentially independent of the energy of the EAS particle, as long as it exceeds about 0.5 MeV.
It turns out that only EAS electrons and positrons leave a significant trail of thermalized free electrons behind, even though the flux of EAS photons is roughly 10 times larger, as illustrated in Figure 3 . The reason is that the friction of electrons and positrons is almost 6 orders of magnitude larger than that of the photons; that is, they lose much more energy and hence create many more seed electrons. Electrons and positrons leave an approximately equal amount of seed electrons behind. These seed electrons can be approximated as an EAS particle yield Y per unit of length,
as function of altitude h, using an average friction of F = 2.5 keV/cm (see Figure 5 ) where n air (h) is air density at altitude h, and h = 0 refers to standard temperature and pressure; hence, the yield decreases at higher altitudes h. In the yield the energy cost per free electron is taken as W = 34 eV from Jesse and Sadauskis (1955) , Cole (1969) , Knoll (2010) , and Dwyer and Babich (2011) . Usoskin and Kovaltsov (2006) use a similar value of W = 35 eV.
Finally, as already discussed in section 1, the lifetime of the created seed electrons is limited by electron attachment. A general number for the attachment time cannot be given as it depends on the local electric field, the air density, and the humidity. However, typical attachment times are of the order of tens to hundreds of nanoseconds, much shorter than the times on which the electric field in a thundercloud varies before discharge activity starts. This means that the electric field can be assumed to be static while the seed electrons appear and disappear.
How to Measure the Probability of an Event
It is important to note that EASs occur at random locations and times, and with random sizes, and that they are statistically independent. This is because independent cosmic particles with random energy, inclination, and first atmospheric interactions impinge on the atmosphere. Therefore, the number of EAS that on average pass through an area is proportional to the area A and the waiting time T, that is, only the product of A and T determines the likelihood of an event. Area and time interval for EAS are illustrated in Figure 6 . We will call A · T the system size and calculate probabilities for varying system sizes.
Furthermore, due to the short lifetime of the seed electrons until attachment, the probability that the electron densities of two different EASs add up to one larger density can be neglected.
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Identifying the Relevant Energy Range of Cosmic Rays
The flux of cosmic rays in Figure 1 decays with energy E approximately like E −2.7 in the energy range from 10 14 to 10 15 eV and like E −3 between 10 15 and 10 17 eV. More precisely, in the energy range of 10 15 to 10 17 eV the differential flux in energy can be approximated as
with the error nowhere exceeding 25%. 
To determine the energy range for the primary cosmic rays appropriate for this study, we have to understand the occurrence rate of interest for thunderstorm phenomena. Following the study of Stolzenburg et al. (1998) , thunderstorms come in a variety of sizes and lightning intensities, from small single-celled storms that are generally about 10 km in diameter and have a lifetime of typically 60-90 min, up to supercell storms with a typical horizontal coverage of 250 km 2 and lifetimes of 2-5 hr. The median per-cell flash rate is of the order of 3 per minute, and the median cell nearest neighbor range is 30 km (Boccippio et al., 2000) .
Assuming that the high electric field areas in the cloud are roughly 1% of the single-cell cloud coverage, we approximate the relevant area and time interval as (5km) 2 ×1%×20s ≈ 15 km 2 s. Note that the radial extension of an EAS is much smaller than 1 km. Comparing the typical occurrence rates of lightning inception to the cosmic ray fluxes in equation (3), we conclude that we only need to study cosmic rays with energies up to 10 17 eV. While showers below 10 15 eV have even higher occurrence rates, we will see in our later analysis (cf. Figure 8 ) that their generated instantaneous seed electron density is insignificant. We therefore focus on cosmic ray energies between 10 15 and 10 17 eV.
Methodology
Simulations
Simulations of the EASs are performed with the Monte Carlo software package CORSIKA (Heck et al., 1998) . CORSIKA acts as a steering code, where the user can select particle models. In this study we use the state-of-the-art high-energy hadronic interaction model QGSJET-II (Ostapchenko, 2006) , and for the low-energy interaction (below TeV ) we use FLUKA (Battistoni et al., 2007) . When not described below, the standard settings are used, such as the implementation of the geomagnetic field. The full settings are described by Heck et al. (1998) . We do not use the thinning option (simulating less particles with a higher particle weight), and we follow particles to their lowest energy threshold recommended in the software, which is 50 keV for electrons, positrons, and photons. We thus decouple the system and calculate the seed electrons as described in section 2.3.
In section 2.5 we argued that the relevant energy range of the primary cosmic rays is 10 15 to 10 17 eV. This energy range is divided into 99 equal intervals of 10 15 eV, meaning that the first interval is [1, 2]×10 15 eV and the last interval (the 99th) is [99, 100]×10 15 eV. Within each interval the primary energy E should be sampled randomly with a probability proportional to E −3 , according to equation (2). However, for better statistics of the rare showers with high cosmic ray energies, we have performed importance sampling, that is, oversampling the tail of the distribution, with a probability proportional to E −1 ; this is undone later. The number of simulations per energy interval of 10 15 eV is given in Figure 7 , where the blue line represents the distribution if all EASs were sampled as E −3 . The inclination of the cosmic ray is sampled randomly, uniform per solid angle, up to a zenith angle of 70 • , bound by the choice of using a horizontally geometrical atmosphere Figure 7 . Overview of performed simulations. In total we used 125,000 CPU hours to compute 5,811 extensive air showers. The blue line represents the distribution if sampled as E −3 . We have performed importance sampling, that is, oversampling the tail of the distribution, for higher accuracy. The energy scale is 1 PeV = 10 15 eV.
(no curvature and no humidity); furthermore, the simulation results support the physical expectation that rays with larger incident angle do not penetrate so deep into the atmosphere. The primary cosmic rays start at 100-km altitude, high enough that previous collisions with atmospheric particles are negligible. The density profile is the U.S. standard atmosphere. In this study we only inject protons. Heavier cosmic particles do exist but are expected to produce similar showers.
For each shower we first retrieve at altitudes of 5 to 13 km, in steps of 1 km, the full output (particle ID, momentum, position, and arrival time) of each particle passing the hypothetical detector at that altitude. We only simulate down to 5 km for computational reasons, as in COR-SIKA all particles are followed down to the lowest observational level. We postprocess this detailed data by counting the numbers  R 1 ,  R 2 , and  R 3 of electrons and positrons (above 50 keV) that have passed the disk with radius R 1 = 10 cm, R 2 = 1 m, and R 3 = 10 m around the shower axis at the given altitudes. These data can be retrieved from the supplementary file CORSIKA-results.txt. After processing, the detailed output is deleted due to memory constraints. We only postprocess electrons and positrons, independently of energy and arrival time due to the following considerations (some were already mentioned in section 2.3):
• The most abundant species in an EAS are photons, electrons, and positrons, in proportion of roughly 100:10:9. The ionization cross section, that is, the probability to produce low energetic electrons, is proportional to roughly 1:10 6 :10 6 . This means that although photons are roughly 10 times more abundant, their ability to produce low-energy electrons is much lower and thus their contribution is negligible. • For the energies considered in modeling EASs, electrons and positrons produce almost an equal amount of low-energy ionizations. Thus, we can sum the contributions of electrons and positrons. • The amount of low-energy seed electrons created by impact ionzation by the EAS electrons and positrons (with energies above 1 MeV) is almost independent of this energy; see the friction curve in Figure 5 . Therefore, the generation rate of seed electrons is proportional to the number of EAS electrons and positrons, independently of the energy of the EAS particles. • The spread between the first EAS particle to arrive at an altitude and the slowest 1% is of the order of subnanoseconds, well within the uncertainty introduced by the other approximations (such as the friction to electron yield; see the end of section 2.3). Therefore, we can integrate the number of particles over time.
To extract particle densities at disk radii other than 10 cm, 1 m, or 10 m, we employ the NKG function, named after Kamata and Nishimura (1958) and Greisen (1960) ; it can be used for a simple approximation of the lateral distribution of electromagnetic particles, that is, electrons and positrons. It allows us to interpolate and extrapolate from the simulation results at the given three radii to other observables. The NKG function in cylindrical coordinates with radius r from the core center and with angle at an altitude z is given by
where is the Euler function, s = s(z) is a fitting parameter (also known as the age parameter), and R m is the Moliere radius. The age parameter correlates with the longitudinal state of development, hence the shower "age." EASs start typically with a hadron, where the NKG function can be extended to include a radial dependence of the age parameter. This would be done by using the so-called lateral age s ⟂ (z, r) (Apel et al., 2006; Bourdeau et al., 1980 , and references therein). But we will approximate the lateral shape of the inner core (i.e., r ≤ 10 m) just by using the single age parameter s(z) in equation (4).
By integrating the NKG function over the area of a disk with radius R (note that inclined showers form an ellipse shape in a vertical plane, but we evaluate a disk for all showers), we get for the flux of electrons and positrons through this disk
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Here 2 F 1 is the ordinary hypergeometric function.
For each simulated EAS event and for each observation altitude, we have determined the three parameters  , s and R m in equation (5) from the three fluxes  R i numerically with high precision (|error| < 10 −12 ). Only for the showers that had an empty inner core  R 1 = 0, the unknowns were fitted with a least 2 fit.
Probability Analysis
In this subsection we derive the probability distribution for the maximal strength of an EAS within a given system size A · T (see illustration in Figure 6 ), based on the statistical data from the EAS simulations. The maximal strength is evaluated as the maximum over the strengths of all air showers within the system size.
The strength of an EAS will be characterized by different observables, like the particle number passing through a disc of given radius, or the radius where a given particle density is reached. We now derive a general expression for an observable y in an EAS. We assume that y is a positive quantity y ≥ 0. For a given system size A · T, the average numberk of cosmic rays in the relevant energy range of 10 15 to 10 17 eV isk = 6.5 A · T km 2 s (6) according to equation (3).
As already said in section 2.2, EASs happen at uncorrelated places in space and time, and the created free electron density is of short duration; thus, the showers should be considered as independent, nonoverlapping, and identically distributed events. Therefore, the number k of relevant EASs is a discrete random variable and Poisson distributed
Now let y be an observable of interest of an EAS, as said above. The value of y in the ith EAS is denoted as y i . The maximum over an ensemble {y i } i=1, … ,k of k EAS depends on k and on the probability distribution of y. A cumulative distribution function is defined as the integral over all P(y) with y ≤ m. The cumulative distribution functions P 1 (y i ≤ m) of one EAS and P k (max i=1, … ,k { i } ≤ m) of an ensemble of k EASs are related through
As the number of EASs within the system size can vary, we have to take the weighted sum over k to determine the probability distribution of a maximal outcome max( ) for given average numberk of cosmic rays:
= e −k ēk P 1 ( ≤m) = e −k P 1 ( >m) .
For equation (10), we used equations (7) and (8), and the fact that P 0 ( max i { i } ≤ m ) = 1 for any m ≥ 0, as the density in a nonoccurring shower equals 0. (We note that equation (11) shows clearly that the function ̄k(max( ) ≤ m) is a probability distribution with values between 0 and 1.)
Here P 1 (y ≤ m) is the cumulative probability distribution function that y ≤ m in a single air shower; it can be directly evaluated from our data. And ̄k(max( ) ≤ m) is the cumulative probability distribution function that the maximum of y is smaller or equal m in an ensemble of air showers with given average numberk of cosmic rays. 
Reversal of the Importance Sampling
When P 1 (y ≤ m) is calculated empirically from the simulation data, the importance sampling has to be reversed. From the simulation results we resample with the correct E −3 distribution by drawing samples repeatedly from an energy bin. Practically, low-energy samples will thus enter the resampled distribution multiple times. In this way the set of 5,811 samples is enlarged to a new empirically resampled set of about 10 7 samples. Finally, a proper prefactor ensures the proper cosmic ray flux of equation (2).
Results
A First View on the Data
We have used 125,000 CPU hours to compute 5,811 EASs created by an incident high-energy proton, and we have processed 150 TB of binary data. We have recorded the number of electrons and positrons with energies above 50 keV passing through three core sizes (with radii of 10 cm, 1 m, and 10 m) at nine observational altitudes (5 to 13 km), as described in section 3. These are the EAS particles or ionizing flux, as described in section 2.3. These data are permanently stored and available on https://doi.org/10.17026/dans-xcg-h326. As an example, in Figure 8 the variation of the raw data for a core size of 10-cm radius at 8-km altitude is Seed electrons, that is, free electrons with energies in the eV range plotted in the same manner. An example on how to read these plots: In a system size of 30 km 2 s at 6-km altitude, a seed electron density of at least 2,500 cm −3 at 1 cm from the shower axis occurs with probability 1/2 somewhere in the system size. EAS = extensive air shower.
presented. We see the linear trend with energy; that is, the number of EAS particles per shower scales roughly linearly with the energy of the primary particle. However, the variation also increases and we see that the 25% largest showers created by a 50-PeV particle have a denser core than the 25% smallest showers created by a 100-PeV particle; this reflects the observation in Figure 3d that not only primary energy is important but that a full energy interval should be analyzed.
The first step in the postprocessing is a fitting to the integrated NKG function (equation (5)) for the three unknowns ( , s, and R m ) for each shower and each altitude. In Figure 9 the distribution of fitted shower ages is shown for 6-and 11-km altitude as a function of energy. The large variation at each energy displays the large shower-to-shower fluctuations, as introduced in section 2.2. Two trends are visible. First, showers at 6-km altitude are older (i.e., they have a larger age parameter) than those at 11-km altitude. This is natural because showers evolve downward. Second, at the same altitude the showers tend to be younger (i.e., to have a smaller age parameter) for higher primary energies. This is also expected as the higher the primary energy of the cosmic ray, the deeper it can penetrate into the atmosphere before starting the EAS.
The integrated NKG function is used to approximate the lateral profile. There are multiple nonequivalent ways to sort a lateral profile in strength. One possibility is to look at the probability of very high seed electron densities in the center of the shower. Another possibility is to look at the probability of very large transversal extensions of the shower core for a given seed electron density. Both perspectives are relevant for discharge inception in thunderclouds and are discussed in more detail in section 5. Below the results in both perspectives are given.
Probability of High Electron Densities at Given Radius
Now we analyze the ionizing flux of EAS particles (electrons and positrons with energies above 50 keV) and the density of seed electrons (with energies in the eV range) at 1 cm from the center of the shower.
The largest ionizing flux to be expected in any of the showers within the system size is calculated by evaluating equation (10) empirically with the simulation data. The result depends on the altitude in the atmosphere and on the considered system size through the parameterk. The sum over k in equation (10) is evaluated up to 2k which is tested to be a sufficient approximation. The left panel in Figure 10 shows the median of the distribution function of the maximal ionizing flux as a function of altitude and system size A · T (where the median is the value with ̄k = 1∕2). The rarer the event (i.e., the larger the evaluated system size), the larger Figure 11 . Distance from the shower axis in centimeters (color coded and with level lines) where the seed electron density is 1, 10, 100, or 1,000 cm −3 in the different panels. The distance is plotted as a function of altitude and system size. An example on how to read these plots: At 5-km altitude a seed electron density of at least 100 cm −3 (see lower left panel for this density) at a radius of 70 cm from the shower axis occurs somewhere within a system size of 90 km 2 s with probability 1/2. the ionizing flux that can be expected in the shower of maximal strength. For all system sizes, the ionizing flux is largest at about 8-km altitude and decreases for higher or lower altitudes.
The right panel in Figure 10 shows the seed electron density at 1 cm from the shower axis as a function of altitude and system size; it is calculated by multiplying the ionizing flux with the average yield of seed electrons given in equation (1). Because the yield is smaller for smaller air densities (i.e., for higher altitudes), we see that the maximum of the seed electron density is at lower altitude than the maximum of the ionizing flux. For an EAS in a system size A · T = 120 km 2 s, a free electron density of 4,000 cm −3 can be expected at around 6-km altitude. We also notice that the contour of 1,000 cm −3 tends to become independent of the system size for large system sizes near 13-km altitude. This can be expected because a more energetic primary particle will penetrate deeper into the atmosphere; though it will create a larger seed electron density over its whole path, it will do so only at lower altitude.
Probability of Large Shower Radii With Given Electron Densities
In this subsection we find the probability of large radii of the EAS core with given electron densities. Now we sort the simulation data according to the radius about the shower core where the seed electron density equals 1, 10, 100, and 1,000 cm −3 , and the results are plotted in Figure 11 as a function of altitude and system size.
We notice that when increasing the electron density by an order of magnitude, the median of the largest inclosing radius decreases by an order of magnitude. We see a clear trend that the EAS core is wider at lower altitudes. As it should, the 1-cm contour line of the right panel in Figure 11 is identical to the 1,000 cm −3 density contour line in the right panel of Figure 10 because at this line both perspectives are equivalent. The core radius for high altitudes (say above 9 km) hardly changes for rarer events (i.e., for larger system sizes), 10.1029/2018JD029040 implying that it is not possible to get much larger extensions even for much rarer events. For altitudes above 5 km, system sizes up to 180 km 2 s, and seed electron densities of 1,000 cm −3 , the median of the radius is smaller or equal 6 cm.
Discussion
Streamer Inception From Single Hydrometors
As said in section 1, streamer initiation in thunderclouds requires three ingredients (Dubinova et al., 2015) : the thundercloud electric field, a hydrometeor (a droplet or ice particle), and free electrons. In this work we focus only on the third ingredient and calculate the median of the maximal seed electron density in the thundercloud system (ignoring avalanching effects in the local electric field). Discharge inception simulations in the literature typically use orders of magnitude larger initial electron densities than justified by our present analysis. In the simulations of Liu et al. (2012) and Sadighi et al. (2015) a seed electron density of 10 11 and 2 × 10 9 cm −3 is taken, respectively, while Figure 10 shows that the maximal density does not exceed 5 × 10 3 cm −3 even for very rare EASs, and that these very high densities only occur in very thin cores; see Figure 11 . Sadighi et al. (2015) justify the large initial background density by a preexisting corona discharge. They refer to the work of Sin'kevich and Dovgalyuk (2014) where the number of corona discharges due to hydrometeor collisions are calculated. But the point is that the initiation of a corona discharge and of a streamer discharge is the very same process. Both need the three ingredients quoted above, including initial free seed electrons to start. Thus, arguing that the initial electrons for one discharge come from another discharge does not solve the problem. Babich et al. (2016 Babich et al. ( , 2017 and Dubinova et al. (2015) use an initial density in their fluid model, but argue that only a single electron was needed. They differ in their assumption on the required ionization integral of the Meek criterion to start a positive streamer near a hydrometeor, but that is outside the scope of this work. Important here is that Babich et al. (2016 Babich et al. ( , 2017 just postulate that there is a free electron available, either by background cosmic ray flux or by cloud charge fluctuations, but they do not calculate how frequently this occurs. Dubinova et al. (2015) calculate a seed electron density by requiring that a free electron on average survives the path to the hydrometeor rather than attaching to an oxygen molecule along the way, which yields a density of 100 cm −3 for a given size and shape of the hydrometeor and for a given background electric field and altitude. They performed a statistical analysis of 297 EASs with primary particle energies from 5 × 10 16 to 5 × 10 17 eV (without importance sampling) to determine how likely such an electron density is. The current work explains how this analysis is done, provides a much better statistics and analyzes a larger energy range of cosmic particles between 10 15 and 10 17 eV.
Definitely at least one seed electron is needed for discharge inception, but more is always better, as it softens the Meek criterion (Babich et al., 2016 (Babich et al., , 2017 Cai et al., 2017; Dubinova et al., 2015) . In other words, a larger initial number of electrons will soften the requirement for the other two ingredients, the value of the thundercloud electric field or the properties of the hydrometeor, such as size and sharpness (Dubinova et al., 2015) or net charge (Babich et al., 2016 (Babich et al., , 2017 Cai et al., 2017) . However, our results presented here do not give a lot of room for a large increase of the electron density. Figure 10 and the lower right panel of Figure 11 show that a density of a few times 1,000 cm −3 is possible, but only in a very limited core radius. To find a hydro-meteor with the right size and shape probably limits the inception probability more than the logarithmic dependence on the electron density. When the electron density is too low for a given hydrometeor, field and altitude, inception becomes a random process with a probability proportional to the seed electron density. For further details, we refer to the PhD thesis of the first author (Rutjes, 2018 ) and a forthcoming paper submission.
Simultaneous Triggering of a System of Streamers by an EAS
When considering the simultaneous triggering of a system of streamers as observed by Rison et al. (2016) , it is crucial to have enough free electrons over a sufficiently large area at the same moment in time. In the hypothesis that a system of multiple streamers from multiple hydrometeors are necessary to start lightning, in agreement with the detailed observations of Narrow Bipolar Events (NBEs) (Rison et al., 2016) , the EAS core needs to be sufficiently extended. Similar observations have actually been made earlier by Defer et al. (2001) and Bruning et al. (2010) in cases where lightning did not start, as an indication of attempted breakdown; Rison et al. (2016) interpret this as a system of streamers which is triggered but not capable of developing to a full-fledged lightning stroke.
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As Rison et al. (2016) discuss, to explain the strong spherics, multiple streamers side-by-side are necessary and the observations show a relatively large lateral extension of around 50 to 100 m. Examining closely NBE3 from Rison et al. (2016, see their supplementary Figure 9) , we see that the first two data points recorded span horizontally 129 m (and vertically 58 m), but the time between these events is only 3.8 × 10 −7 s. They thus cannot be causally related, as they are outside of each other's light cone. We see this as evidence that they must be triggered together within a simultaneous event, a fast event with a time scale of less than a microsecond. Even considering both end points of the error bars of the position (see supplementary Figure  18 of NBE3 from Rison et al., 2016) , the speed would be much faster than is typical for streamers and the propagation direction would be perpendicular to the streamer propagation direction after initiation, that is, to the direction of the electric field. In other words, when the downward propagation is streamer-like and driven by a vertical electric field, the horizontal propagation would be much faster and perpendicular to the field, which is not how discharges typically propagate. We rather suggest that all first four points of the NBE3 observation are triggered simultaneously by an EAS event, though this cannot be proven from the data presented by Rison et al. (2016) . For the other two NBEs presented by Rison et al. (2016) , the evidence is harder to retrieve, as data points in the presented plots overlap, but for NBE1 it is still convincing. Studying closely NBE1 (see their supplementary Figure 7) , we see that the first two events are separated vertically by 87 m in only 1.8 × 10 −7 s (it was not clear how much the azimuth angle was). Thus, they are also outside each other's light cone or at least much faster than streamers and must therefore be triggered by the same event, presumably by one extreme EAS event.
To trigger a system of streamers by an EAS event, one should analyze the probability within an event box (as introduced by Dubinova et al., 2015) large enough for the inception of multiple streamers. The top area A of the event box times the waiting time T defines the probability of a rare event (i.e., the availability of an extreme EAS with a low occurrence rate). From all NBE results presented by Rison et al. (2016) we estimate that the EAS core radius must be at least of the order of tens of meters. From Figure 11 we find that the maximally expected electron density for such large core radii is of the order of 1 cm −3 .
This means that discharge inception near each hydrometeor (with extensions in the mm range) is a stochastic process with probability proportional to the electron density: Is there an electron at the right position relative to the hydrometeor such that it can drift toward it rather than to attach to oxygen, and that it can create a sufficiently strong avalanche to generate a streamer discharge from the hydrometeor? But if the field is high enough, and if there is a sufficient density of hydrometeors with appropriate shape, an EAS could trigger the simultaneous start of a volume system of streamers.
Conclusions and Outlook
We have calculated the probability of high densities of seed electrons in the eV range, which can be expected in thunderclouds during a short time span due to extensive air showers . The main results of our rare event analysis are presented in Figures 10 and 11 ; they give the maximal density of seed electrons that can be expected at a given altitude at some place in space and time within the system size A · T (see Figure 6 ). In the figures we present the maximal density at 1 cm from the EAS core and the maximal radius where an electron density of 1, 10, 100, or 1,000 cm −3 can be expected. This initial free electron density can be used when studying streamer initiation in the context of lightning inception. It is an input for the analysis of streamer inception from a single hydrometeor as analyzed by Dubinova et al. (2015) , though the single electron needed could also be produced by a weaker cosmic ray or a radioactive decay. However, when lightning starts by a volumetric system of streamers (Rison et al., 2016) , it is crucial that enough free electrons are created simultaneously within a limited volume and time span.
The measurements of Rison et al. (2016) reveal that the first few radiowave emitting discharges must be triggered simultaneously, as some of them lie outside of each other's light cone; in other cases the information between the first few discharges must travel much faster than streamers do. We suggest that this is evidence that they are initiated simultaneously by one EAS event, as we discuss in section 5.2. The measurements of Rison et al. (2016) reveal further that the lateral width of the volumetric system of streamers is of the order of tens of meters, which according to our results implies initiation from electron densities as low as 1 cm −3 , demanding a stochastic approach to streamer initiation as sketched above.
